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Properties of surface wave trains excited by mass transfer through a liquid surface

A. Wierschem,1,2 H. Linde,2,3 and M. G. Velarde2
1LS Technische Mechanik und Stro¨mungsmechanik, Universita¨t Bayreuth, D-95440 Bayreuth, Germany

2Instituto Pluridisciplinar, Paseo Juan XXIII, No. 1, E-28040 Madrid, Spain
3Straße 201 Nr. 6, D-13156 Berlin, Germany

~Received 17 January 2001; published 19 July 2001!

In annular containers, various traveling periodic surface wave trains are generated in liquid layers during the
absorption process of a miscible surface-active substance out of the vapor phase. Single and counter-rotating
wave trains are observed. We here report on waves found to be dispersion-free associated to mostly longitu-
dinal, dilational surface-tension-gradient-driven motions. We report on interactions of the wave crests and on
modulations that lead to wave-number changes of the wave trains. The wave interactions show behavior
typically known for solitons.
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In Bénard-Marangoni convection, when a liquid layer
heated from below, the temperature dependence of sur
tension generally produces a stationary, hexagonal con
tive pattern@1–3#. In liquids that are heated from the sid
so-called hydrothermal waves and surface waves are
served@4–6#. In annular containers, waves may appear
tating perpendicularly to the applied temperature gradie
Various types of surface waves have also been observe
mass-transfer-driven experiments@7#. In the latter, a liquid
absorbs a vapor that lowers the surface tension as the
perature does in heat-transfer experiments. Heating f
above has also been studied in annular containers. It
leads to the excitation of wave trains@8#. The equivalent
mass-transfer-driven system has been studied in differen
ometries and with a variety of substances@9–13#.

Various properties of the waves generated with a vert
concentration gradient have been reported. Their solito
behavior has been established by following oblique cr
and head-on collisions and wall reflections at vario
angles@11,12#. It was also found that the form of the con
tainer has a strong influence on the selected wave pa
@13#. Here, we report on single and counter-rotating tw
dimensional wave trains in annular-ring containers. We p
vide the dispersion relation of these surface waves and c
pare it to theoretical predictions. We also report here on
modulations of wave trains. These modulations lead to wa
number changes of the wave trains. They reveal an en
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exchange between neighboring crests, which is typical
solitons. Furthermore, we show how counter-rotating tra
adjust their wave number by a switching of the extincti
process between the two wave trains.

A side view of the setup is sketched in Fig. 1. It consi
of a cylindrical glass container of 19061 mm diameter in
which two quartz rings of 10.4560.05 mm height are placed
concentrically. The inner ring of 50.0560.05 mm diameter
and the outer one of 74.5060.05 mm diameter are concentr
within 1%. The annular gap between the two quartz rings
filled with toluene. The rest of the container is covered w
liquid pentane, which has a high vapor pressure at ro
temperature and a surface tension much lower than tolu
Furthermore, its density and viscosity are much lower th
that of toluene. The characteristic parameters are given
Table I @14#. See@7# for further details about the characte
istic parameters of the chemicals. Because the surface l
rises due to the absorbed pentane, the annular container
not filled brimful. The experiment starts by uncovering t
annular ring, leaving the toluene surface open to the pen
vapor. The experimental runs are carried out with the re
voir open to the ambient air at temperatures between 299
and 300.05 K. The waves have been visualized with
shadowgraph method using a monochromatic light beam

The vapor concentration of pentane rises rapidly unti
reaches a stationary value, which is governed by the equ
circular
FIG. 1. Side view of the experimental setup: two quartz-glass rings form an annular container that is placed concentrically in a
reservoir made of glass. The annular ring is filled with toluene and the bottom of the reservoir is covered with liquid pentane.
©2001 The American Physical Society01-1
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rium between the evaporating and the outward diffusing p
tane. The strong concentration difference between the va
phase and the liquid governs the absorption process of
tane. Since the absorbed pentane remains in the liquid
experiment is instationary by its nature. At high concent
tion differences between the vapor and the liquid, the abs
tion becomes so strong that the concentration gradient a
liquid surface cannot be maintained for a long period. Ho
ever, we were able to have wave trains lasting for about
to 200 s. During this time, they adjust their wavelength to
diminishing concentration gradient at the liquid surface.
nally, they loose stability in favor for internal waves@15#.

In our instationary experiment, except for an initial stag
the wave number of the wave trains decreases with time.
have observed trains made up of 8–13 wave crests. The
quency of the wave trains, as averaged over the time it ta
to circumvent once the entire container, increases with
wave mode, as shown in Fig. 2. Within the uncertainty,
linear fit to the frequencyf goes through zero:f 50.007
60.053 Hz10.09560.005 Hz3@n#, where @n# is the wave
mode, and hence@n# accounts for the nearest integral num
ber. The phase velocity is about 19 mm s21. Thus within the
uncertainty of the measurement, the two-dimensional wa
are dispersion-free. This is in accordance with theoret
descriptions of longitudinal surface waves@16–18#.

For further comparison of our experimental data with t
theoretical findings by Rednikovet al. @17,18#, we note that
in the theory, the vertical concentration gradient is assum

TABLE I. Properties of liquid toluene and liquid pentane@14#.

Properties
Liquid
toluene

Liquid
pentane

Molecular weightu ~g/mol! 92.15 72.15
Boiling point TB ~K! 383.75 309.22
Densityr at 293.15 K~g/cm3! 0.8669 0.6262
Refraction indexn at sodiumD line 1.4961 1.3575
Surface tensions at 298.15 K~mN/m! 27.93 15.49
Dynamic viscosityh at 298.15 K~mPa/s! 0.560 0.224

FIG. 2. Mean frequency as a function of the wave mode. T
theoretical values are indicated by solid squares and the experi
tal values by open squares. The error bars indicate the maxim
and minimum values observed.
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to be constant, although this is not the case in the exp
ment. However, we may focus on the concentration grad
near enough to the liquid surface. Since the pentane in
gas phase can be replaced much faster than it can be ca
away from the surface on the liquid side, we may assu
that there is an equilibrium pentane concentration close
the surface on the air side. Then, the vertical concentra
gradient can be set equal to that of the liquid bulk. Assum
further that there is constant mixing along the convect
liquid layer, the pentane concentration can be written as:

c~z!5csF12expS 2
z

z0
D G , ~1!

wherecs is the pentane concentration close to the surface
the air side.z0 is the scale of the vertical concentration gr
dient in the liquid. Close to the surface this reduces to

dc

dz
'

cs

z0
. ~2!

Experiments show that the convective flow motion asso
ated to the waves is almost entirely restricted to the upper
mm of the liquid layer. Fitting the measured concentrati
gradient in this region to experimental data yieldsz0
'1.5 mm. The concentration in the vapor side can be
tained by comparing the measured absorption rate to
achieved when the saturation concentration is reached
turns out that it is about a third of the saturation concen
tion. Taking into account the approximation made in Eq.~2!,
the dispersion relation at leading order according to the
@16–18# can be written in dimensional form:

f 5A2
ds

dcs

cs

z0

1

rs

1

ASc21

1

L
n, ~3!

wheref, rs , Sc5hs /rsD, L, n are frequency, density at th
surface, Schmidt number, mean circumference length of
annular ring, and the number of waves in the container,
spectively. The dependence of the parameters on the pen
concentration is given in@7#. The theoretical values are com
pared to the experimental data in Fig. 2. The theoretical v
ues are in good agreement despite the approximations m
We remark that with the definition@17,18# using the
effective liquid depth z0 the Marangoni number,M
52(ds/dcs)(csz0 /hsD), is about 33106. In our instation-
ary experiment, it decreases exponentially with time. On
other hand, the time a train of certain wave number ex
increases roughly exponentially with time~for an illustration,
see Fig. 5!.

The wave trains show modulations, which lead to the d
appearance of single wave crests. The wave number cha
by head-on interaction between crests that travelin the same
direction. Figure 3 shows an example of this process. T
figure also reveals that counter-rotating crests have no m
impact on the extinction process. The process starts b
localized modulation. First, a single crest slows down. At t
same time, the contrast in the shadowgraph image redu
The next crest behind catches up without diminishing
velocity. Being close to the slower one, the amplitude of
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BRIEF REPORTS PHYSICAL REVIEW E 64 022601
faster crest, seen as the contrast in the shadowgraph im
increases. Thereafter, at a characteristic distance betwee
two crests, the slower crest accelerates and now its ampli
increases. Distances between 4.660.6 mm and 5.760.7 mm
have been observed. The faster crest begins now to lag
hind and its amplitude decreases. Its neighbor behind co
up and the process repeats. This interactive region mo
through the container from one wave crest to the next u
one crest is caught up by its neighbor but cannot recover
disappears.

As can be seen in Fig. 3, the modulations travel slow
than the phase velocity of the underlying waves but in
same direction. The modulation velocity as a function of
wave mode is displayed in Fig. 4. It is measured as the
erage velocity during the whole time the modulation is o
served. Figure 4 indicates that the modulation velocity
creases with the wave mode. The linear fit yields for
modulation velocity: vM519.2360.24 mm s21– 0.50
60.02 mm s213@n#. Thus, within the uncertainty, at mod
zero the extrapolation of the linear fit yields for the modu
tion velocity the same value as for the phase velocity of
waves.

FIG. 3. Space-time diagram of the modulation in a system
two counter-rotating wave trains. The modulation travels from
upper right to the lower left.T5300.05 K.

FIG. 4. Velocity of the traveling modulations.
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In an idealized model, the wave crests can be conside
as spheres of an extension ofl05L/38'5.2 mm, which cor-
responds to the minimum distance of two wave crests du
modulation, that interact by inelastic collisions. Between
collisions, they cover the remaining free surface without
crests in the same time as if they that were covering
entire container by traveling at phase velocity:vM5(L
2nl0 /L)vP .

The head-on collisions of the crests of counter-rotat
wave trains have been studied earlier@11–13#. They show a
change of trajectory with negative phase-shift typical
solitons and shock waves@19–21#. The counter-rotating
wave trains loose single crests as a result of modulation
the same way as single wave trains. The disappearance
single wave crest, however, is not arbitrary in the regime
counter-rotating wave trains. The trains show alternation
the wave number of each train during the experimental r
Figure 5 presents an example. Each time one train has
wave crest less than the other, the latter is the next to lo
one wave to match the number of waves of the former. Bu
also looses the next wave, thus loosing two crests in a r
Thereafter, the other train looses two wave crests. In
manner the trains interchange in having fewer wave cre
than the other. Each new train of lower wave mode ex
longer than its predecessor.

The switching of disappearing wave crests between
counter-rotating wave trains may be understood qualitativ
taking into account that the waves are dispersion free: Du
the decreasing Marangoni number, the wave number of b
trains must adjust. The first adjustment is arbitrary and ar
from erratic fluctuations. Then, one train has one wave c
more than the other. As time proceeds, it also has to ad
its wavelength to the decreasing Marangoni number, wh
the other train with lower wave number can relax from t
inhomogeneous state caused by the missing wave c
Hence, after a while; the train with a higher wave numb
looses a wave to attain the number of the other train.

f
e

FIG. 5. Number of waves of an experimental run with count
rotating wave trains as a function of time. Values of the left-movi
crests are depicted as a dotted line and the right-traveling train
solid one. The time of existence of each new wave train is lon
than the time of its predecessor. Each time one train has one w
less than the other, the other is the next to lose one wave to e
the number of waves and another one to which the first train
going to equalize by losing one wave,T5300.05 K.
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BRIEF REPORTS PHYSICAL REVIEW E 64 022601
when another wave crest has to disappear due to the fu
decreasing Marangoni number, this train is still less hom
geneous than the train that lost a wave before. Since in
inhomogeneous wave train the local wave number is low
in some region, the feeding of pentane cannot sustain the
neighboring waves. As a consequence, localized modulat
set in that lead to the disappearance of a further wave c
As time proceeds, this mechanism repeats for the other w
train. Thus, the essential feature for the switching betw
the wave trains is the slow disappearance of inhomogene
in the wave trains due to their dispersion-free character.

In conclusion, surface waves generated in annular c
tainers in liquid layers during the absorption process o
miscible surface-active substance out of the vapor ph
rg

ys

vit

r-

s.
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form two-dimensional traveling periodic wave trains. Th
are found to be essentially dispersion free in agreement w
theory @16–18#. Wave-train modulations lead to wave
number changes of the wave trains with an energy excha
at minimum distance between neighboring crests typical
solitonic waves. Counter-rotating trains adjust their wa
number by the switching of the extinction process.
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